CLOSED IDEALS IN SOME ALGEBRAS OF 
ANALYTIC FUNCTIONS 



BRAHIM BOUYA 

Abstract. We obtain a complete description of closed ideals of 
the algebra V n lip„ , < a < i, where V is the Dirichlet space 
and lipjj is the algebra of analytic functions satisfying the Lipschitz 
condition of order a. 



1. Introduction 

The Dirichlet space T> consists of the complex-valued analytic func- 
tions / on the unit disk D with finite Dirichlet integral 



D{f):= [ \nz)\'dA{z) < +OC, 
Jo 



where dA{z) = ^rdrdt denotes the normalized area measure on D . 
Equipped with the pointwise algebraic operations and the norm 

V becomes a Hilbert space. For < a < 1, let lip^ be the algebra 
of analytic functions / on D that are continuous on D satisfing the 
Lipschitz condition of order a on D : 

\f{z)-f{w)\=o{\z-wn {\z-w\^0). 
Note that this condition is equivalent to 

\f'{z)\=o{{i-\z\r-') (kl-r). 

Then, lip^ is a Banach algebra when equipped with the norm 

||/IU:= ||/||oo + sup{(l-|z|)i-"|/'(^)|:^GD}. 

Here ||/||oo := sup^gD Unlike as for the case when < a < 1/2, 

the inclusion lip^ C V always holds provided that 1/2 < a < 1. In 
what follows, let < a < 1/2 and define Aa := T> n lip^, . It is easy 
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to check that Aa is a commutative Banach algebra when it is endowed 
with the pointwise algebraic operations and the norm 

ll/IU„:=ll/IU + ^^/'(/) (/e^J. 

In order to describe the closed ideals in subalgebras of the disc algebra 
A{3), it is natural to make use of Nevanlinna's factorization theory. 
For / G A(D) there is a canonical factorization / = CfUfOf, where 
Cf is a constant, Uf a inner function that is \Uf \ = 1 a.e on T and Of 
the outer function given by 

0,W=exp{-y^ -^log|/(e«)M«}. 

Denote by 7i°° (D ) the algebra of bounded analytic functions. Note 
that Aa has the so-called F-property [12112]: if / G Aa and U is an inner 
function such that f/U G n°°(D) then f/U G A^ and ||//f/|U„ < 
Call/ 11^^, where Ca is independent of /. Korenblum j8j has described 
the closed ideals of the algebra Hf of analytic functions / such that 
/' G H^, where is the Hardy space. This result has been extended 
to some other Banach algebras of analytic functions, by Matheson for 
liPa [S] and by Shamoyan for the algebra aL"^ of analytic functions / 
on D such that 

l/^^HCi) - /^"HC2)| = o(^(|Ci - C2I)) as ICi - C2I - 0, 

where n is a nonnegative integer and u an arbitrary nonnegative non- 
decreasing subadditive function on (0, -|-oo) [TT]. Shirokov [T21[I2] had 
given a complete description of closed ideals for Besov algebras AB^ ^ of 
analytic functions and particularly for the case s > 1/2 and p = q = 2 

ABl, = {feA{B) : 5^|/H|2(l + n)2^<oo}. 

n>0 

Note that the case of AB2 2 = A(D) nV the problem of description 
of closed ideals appears to be much more difficult (see [SJ Hj). The 
purpose of this paper is to describe the structure of the closed ideals 
of the Banach algebras Aa- More precisely we prove that these ideals 
are standard in the sense of the Beurling-Rudin characterization of the 
closed ideals in the disc algebra [7J: 

Theorem 1.1. If I is closed ideal of Aa, then 

I=[feAa: fiE, = and f/U, G 7^°°(D)}, 

where := {z G T : f{z) = 0, V/ G X} and f/^ is the greatest 
common divisor of the inner parts of the non-zero functions in X. 
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Such characterization of closed ideals can be reduced further to 
a problem of approximation of outer functions using the Beurling- 
Carleman-Domar resolvent method. Define d{^, E) to be the distance 
from ^ G T to the set C T . Suppose that T is a closed ideal in Aa 
such that = 1. We have = E^., where 

Z^:={zeW: f{z) = 0, V/ G I}. 

Next, for / G Aa such that 

1/(01 <Crf(e,i?X'^ (eeT), 

where Ma is a positive constant depending only on Aa, we have / G X 
(see section 3 for more precisions). Now, to prove Theorem 1 1.1 1 we need 
Theorem 11.21 below, which states that every function in Aa \ {0} can 
be approximated in Aa by functions with boundary zeros of arbitrary 
high order. 

Theorem 1.2. Let f be a function in Aa \ {0} and let M > 0. There 
exists a sequence of functions {gn}'^=i C yl(D ) such that 

(1) Foralln G N , tfe have fn = fgn e Aa and lim ||/n-/|U, = 0. 

(2) \gn{0\<Cnd''{^,Ef) (^GT), 

where Ej := G T .■ /(O = 0}. 

To prove this Theorem, we give a refinement of the classical Koren- 
blum approximation theory [SI [HI [HI [131 [12] • 

2. MAIN RESULT ON APPROXIMATION OF FUNCTIONS IN Aa 

We begin by fixing some notations. Let / G Aa and let {7„ := 
(a„,6„)}„>o be the countable collection of the (disjoint open) arcs of 
T \ Ef. Without loss of the generality, we can suppose that the arc 
lengths of 7^ are less than 1/2. In what follows, we denote by T the 
union of a family of arcs 7^. Define 

The difficult part in the proof of Theorem 11.21 is to establish the fol- 
lowing 

Theorem 2.1. Let f G ^q\{0} be an outer function such that \\f\\Aa ^ 
1 and let N > 1 and p > 1. Then we have ff^ G Aa and 

sup||/%^IU. <C^,p, (2.1) 
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where Cn,p is a positive constant independent ofT. 

Remark 2.2. For a set S G A{D), we denote by co{S) the convex hull 
of S consisting of the intersection of all convex sets that contain S. Set 
Tn = Um>n7m ond Ict f bc as in the Theorem \2.1[ It is clear that the 
sequence (f^f^)n converges uniformly on compact subsets of 3 to f. 
We use (12 .ip to deduce, by the Hilbertian structure of V, that there 
is a sequence hn G co{{fP f^ }m=n) converging to f^ in V. Also, by 
[H section4], we obtain that hn converges to f in lip^ , for sufficiently 
large N (in fact, we can prove that this result remains true for every 
N > 1). Therefore \\hn — /''lU^ ^0, as n oo. 

Define J{F) to be the closed ideal of all functions in Aa that vanish 
on F C D . In the proof of Theorem II ■2[ we need the following classical 
lemma, see for instance [9], Lemma 4] and O Lemma 24]. 

Lemma 2.3. Let f e Aa and E' be a finite subset of T such that 
f\E' = 0. Let M > be given. For every e > there is an outer 
function F in J{E') such that 

(1) ||F/-/|U„<e, 

(2) m)\<Cd''^{i,E') (^GT). 

Proof of Theorem : Now, we can deduce the proof of The- 
orem 11.21 by using Theorem 12.11 and Lemma 12.31 Indeed, let / be a 
function in Aa \ {0} such that ||/|U„ < 1 and let e > 0. For m > 1 we 
have 

if of - f)' = [of - l)f + -UfOfo). 

The F-property of Aa implies that 0/ G Aa- Then, there exists r^o G N 
such that 

ll/Of -/lU. <e/3 (m>r/o). 
Set r„ = Up>„7p and > M/a for a given M > 0. By Remark [2121 
applied to Of (with p = 1 + —), there is a sequence fc^.m G co({/^}21„) 
such that 

\\0]'^^kn,„^-0y^\\A^ <— (n G N, m > 1). 
It is clear that 

Woff^^ - Oflloo ^0 (n-^ +oo). 
Then for every m > 1 we get 

\\0fkn,m-0f\\^ — >0 (n — >+oo). 
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So, there is a sequence km G co({/^}21^) such that 

\\0fkm-0f\\^<^ (m>l). 
We have 

{fofkm-fofy = {r-UfO)){ofkm-of)+Uj{oy^km-oy^y. 

Since ||0/|U„ < C„||/|U^ < C^, we obtain 

Wfofkm-fofu^ 
= Wfofkm - fof\u + sup{(i - \z\Y-^\uofkm - fofy{z)\} 

+D^l\f0fkm-f0f) 

< Wfofkm - /07II00 + c^\\fU\ofkm - ofu 
+ sup{(i - \z\f'^\{oy-km - oy-y{z)\} 



+C\\Ojkm - Oj \\ooD"\f) + CD"\0y'-km - 0}+-) 

Call 



< 

m 



< Cq 1 1 O j" fcm ^ 1 1 00 + C 1 1 J km ~ O J \\Aa 



Then, fix 771 > 770 such that 

Wfofkm - f0f\U < e/3 (m > r^i). 
We have km = ^if^ ^ where q = 1. Set = Ui^j^d'yi. Us- 

ing Lemma 12.31 we obtain an outer function Fm G J{E'^ such that 
\Fm{Q\ < Cmd^'iCE'j for C G T and 

i i 1 

ll/Oy^/c^F™ - /0.™fc„|U^ < — (m>l). 

m 

Then fix 772 > ?7i such that 

II /O J kmFm fOYkm\\A^<t/?, {m>r]2). 
Consequently we obtain 

/lU. < e {m> ri2). 

It is not hard to see that 

\ofkmFm{0\ < IkmFmiOl < Cmd^'{^,Ef) G T). 
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Therefore Qm = Oj kraFm is the desired sequence, which completes the 
proof of Theorem ll.2[ 



3. Beurling-Carleman-Domar resolvent method 

Since Aa C hp^, , then for all / G Aa, Ef satisfies the Carleson 
condition 

/ log ,/ il ^ X dt < +00. 

For / G Aa, we denote by Bf the Blashke product with zeros Zf \ Ef, 
where Z f := {z ^ 3 : f{z) = 0}. We begin with following lemma 

Lemma 3.1. Let I be a closed ideal of Aa- Define to be the Blashke 
product with zeros Z^\Ej^. There is a function f E I such that Bf = B^. 

Proof. Let g El and let Bn be the Blashke product with zeros Z^flD 
where D„ := {2 G D : \z\ < n G N }. Set Qn = g/Kn, where = 
Bn/ In and J„ is the Blashke product with zeros Z^nD We have Qn G X 
for every n. Indeed, fix n G N . It is permissible to assume that Zx„ 
consists of a single point, say Zk„ = {w}. Let vr : Aa — > Aa/T^ be the 
canonical quotient map. First suppose w ^ Z^, then n{Kn) is invertible 
in ^Q,/X. It follows that TT^gn) = '^{g)''^~^{Kn) = 0, hence gn G X. If 
w E Zj., we consider the following ideal J'^ := {/ G Aa '■ fin El}. It 
is clear that J^^ is closed. Since w ^ Z^^ , it follows that Kn is invertible 
in the quotient algebra Aa/ J^w and so g/{InKn) E Jw Hence gn E X. 
It is clear that gn converges uniformly on compact subsets of D to 
/ = {g/Bg)Bx and we have Bj = B^. In the sequel we prove that 
/ G X. If we obtain 

\M'{z)\<o[-^^^-^) izEB), 

uniformly with respect to n, we can deduce by using pi, Lemma 1] that 
lim \\gn — f\\a = 0. Indeed, by the Cauchy integral formula 

n— ++00 



1 f aiQKniC) ^^ 

27ri J J (C - zf 
± f ig{C)~9iz/\z\))K40 

2m A (c - zy 



dC {z E 
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Then, for z = re*^ G D 

K V( M ll^nlloo f |^?(C)-^?(^/kl)l ,,„ 

1 r |^(e^(*+^)) -^(e^^)l 



27r 1 — 2r cos if: + r"' 

For all e > 0, there is ?7 > such that if |t| < r], we have 
\g(e^(^+^))-g(e'^)\<e\tr i9E[-n,+n]). 

Then 



1 — 2r cost + 



l\t\<rj (1 - '^J^ + 4rt2/7r2 (1 - r)2 + Art^/ir^ 

< —r^. / z — i-^du 



r"-^{l-ry~c. Jo l + (2M/7r^2 



< eO 



1 \ „ „ / 1 



We obtain 

^ l-2rcost + r2 - V (1 - r)i-"/ ^ ^ 

Consequently 

\{9n)\z)\<\\g\Uo[^^^^) (zEB). 

By the F-property of Aa, we have H^fnH < Calif? Using the Hilber- 
tian structure of V, we deduce that there is a sequence hn € co{{gk}'^=n) 
converging to / in V. It is clear that hn ET and lim ||/in — /IU = 0- 

Then lim ||/i„ — /jU^ = 0. Thus f EX. This completes the proof of 

n— >+oo 

the lemma. □ 

As a consequence of Theorem 11.21 we can prove Theorem 11.11 and 
deduce that each closed ideal of Aa is standard. For the sake of com- 
pleteness, we sketch here the proof. 

Proof of Theorem \1.1\ : Define 7 on D by 7(2;) = z and let 

TT : Aa Aa/I bc the canonical quotient map. Also, let / E J{E^) 
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be such that f /U^. E 7-^°^(D ) and (/n)n be the sequence in Theorem II .21 
associated to / with M > 3. More exactly, we have = fgn, where 
\gr,m<d\i,Ej)<d\i,E^).J}e^Tie 

La(/)(^):=| 

[/'(A) if;^ = A. 

Then 

vr(/)(vr(7) - A)-^ = /(A)(7r(7) - A)-^ + 7r(L,(/)). (3.2) 
It is clear that (vr(7) — A)^"*^ is an analytic function on C \ Z^. Note 
that the multiplicity of the pole zq E Zj.r\I!> of (vr(7) — A)~^ is equal to 
the multiplicity of the zero zq of U^.. Since U^. divides /, then according 
to fl3.2l) we can deduce that 7r(/)(7r(7) — A)~^ is an analytic function 
on C \ E^. Let |A| > 1, we have 

oo 

IK(/)(7r(7)-A)-i|U, < ii/iu. j]ii7iujAr"-^ 

n=0 

< 1)3/2 - (3-3) 

By Lemma 13 -H there is (? G X such that Bg = B^. Let k = f{g/Bg). 
Then k = [f /B^)g G 1 and for |A| < 1, we have 

A;(A)(7r(7)-A)-i = -7r(L,(A;)). 

Therefore 

lk(/)(7r(7)-A)-i|U„ < |/(A)|||(7r(7)-A)-i|U, + ||L,(/)|U, 

^ l|LA(fc)|U, 
\9lBg\[\) 
< C{f,k) 



{l-\X\)\g/Bg\{\) 
< Cif,k)e^i (|A|<1). (3.4) 
We use [m Lemmas 5.8 and 5.9] to deduce 

lk(/)(vr(7) - < (1 < 10 < 2, e ^ E,). 

Then, we obtain 

^^\i9nm\Mf)iA7)-0-'\\eL-{T). 

With a simple calculation as in [3, Lemma 2.4], we can deduce that 

Vr(/n) = ^ / (^?n)(eM/)W7)-0-'rfO 

27r« ./t 
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Denote T^^(E^) := {h G A(D) : h^E^ = and h/U^ G A(D)}. From O 
p. 81], we know that T^^{E^) has an approximate identity {em)m>i ^ 
Xff {Ej^) such that ||em||oo < 1. X is dense in Xjf [E^) with respect to 
the sup norm || . ||oo, so there exists {um)m>i ^ X with HMmlloo < 1 and 
hm UmiO = 1 for ^ G T \ E^. Therefore 7r(/„) = 7r(/„ - 

m— >oo 

as m oo. Then fn and / G X. 

4. Proof of Theorem 12.11 

The proof of Theorem 12.11 is based on a series of lemmas. In what 
follows, Cp will denote a positive number that depends only on p, not 
necessarily the same at each occurrence. For an open subset A of D , 
we put 

p/||2 



ll/'lli^(A) := / \f\z)\'dA{z). 

J A 

We begin with the following key lemma 

Lemma 4.1. Let f G Aa be such that ||/|U„ < 1 and let p > \ he 
given. Then 



where a,b E Ej, 7 = (a, 6) C T \ Ej, d{z) := min{|z — a|, |2 — 6|} and 
:= {2 G D : z/\z\ G 7}. 

Proof. Let e** G 7 and define zt := (1 — c/(e**))e**. Since I7I < 1/2, we 
obtain \zt\ > 1/2. We have 

|/(e^*)pp < 2'^-' ( |/(e^*) - /(^Or^ + \fizt)\"' ) . (4.1) 

By Holder's inequality combined with the fact that ||/||oo < ll/lUc ^ I5 
we get 

|/(e^*)-/(z,)r^ = |/(e^*)-/(^,)P''-V(e'*)-/(^*)r 



< 22^-M(e^*) / |f( 



Hence 



{re )\ rdr. 



^^^'\Jl''^^'' dt < 2^^-^ jj\f{re^%hdrdt 



< '^''-'AfWW^y (4.2) 
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Since rf(e'*) < 1/2, we obtain ^ < d{zt) < y/2d{e'^). Put d{zt) = 
\zt — C, \ and note that either ^ = a or C, = b. Let 

z^{u) = {1 -u)zt + u^ (0<M<1). 

With a simple calculation, we can prove that for all e** G 7 and for all 
M, < M < 1, we have 

\zt{u) - w\ > ^{1 - u)d{e'*) (wedA^), 

where dA^ is the boundary of A^. Then Dt^^ := {z E Vi : \z — Zt{u)\ < 
i(l — 'u)(i(e**)} C A^, for all e** G 7 and for all m, < m < 1. Since 
is subharmonic on D , it follows that 

2 

- 7rV2(i_^)d(e^*)ll^'ll^^(A.)- 
Set = 2a(p — 1). We have 

\r{z,)\' = \nz,)-no\' 

= P'\zt-m f r-\z,{u))f{z,{u))du\^ 



< C,d\e') ( I \zt{u)-i\'^\f\zt{u))\du) 



2 

■i\\2 



< Cpd'^ie'') / —^du J \\j II ) 

^ Jo (1 — u) 2 



Hence 



Therefore the result follows from (gl]), (g^D and (gj]). □ 



In the sequel, we denote by / an outer function in such that 
|_4^ < 1 and we fix a constant p, 1 < p < 2. By [9, Theorem B], we 
hsiveypf^ G lip„ and ||/^/j!^||iip„ < Cn,p. To prove Theorem O we 
need to estimate the integral Jp \{fPf^y\'^dA{z). Define 



r 



9ri^) ■= - I log |/(e'^)Mg. (4.4) 



TT J (e*^ — z 
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Clearly we have /' = f{g, + g^^^) and {f^)' = Nf^g^, so 

Fif^r = Nff^g, (4.5) 
= r'Nff^-Nrf^g^^^. (4.6) 

Since ||/||oo < 1, it is obvious that ||/^||oo < 1 and ||/''"-^||oo < 1- 
Hence, by (14.51) we get 

\{rf^)'\'dA{z) <p' + N' [ \nf,)fdA{z). (4.7) 

We fix 7 = (a, 6) C T \ Ef such that /(a) = f{b) = 0. Our purpose in 
what follows is to estimate the integral 

\nfr)fdA{z) (4.8) 



which we can rewrite as 



\nu)fdA{z) = / + 



Ai JA2 

7 7 



where 

a; := [zeA^: rf(^)<2(l-|^|)} 
A? := {zeA,: d{z) > 2(1 - \z\) } . 

4.1. The integral on the region A^. We begin with the following 
lemma. 

Lemma 4.2. 

A. (l-N)^ ^^^"^-2a(p-l)"^"-^(^^)- 
Proof. Let z = re** G A^ and put = 2a(p — 1). We have 

r|/(re**)-/(e**)P'' = r|/(re**) - /(e^*)p^-V(re**) - /(e^*)P 
< r{l-ry+'^ [ \f{se'')\''ds 



< {l-ry+'^ / \f{se'')\^sds. 
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Therefore 



A, 



rrft \ dr 



'l-r) 



This completes the proof. □ 

Now, we can state the following result. 
Lemma 4.3. 

' \fi^)\'Vri^)\'dA{z)<C,\\fTLHA^ 
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Proof. By Cauchy's estimate, it follows that |/p(re**)| < j^. Using 
Lemma [4.21 we get 



\f{z)\'v:iz)\'dA{z) 



< C^pll/'lli^(A.) + 2^-^ /^^ ^{i-fJ\)2 dAiz). (4.9) 



Using Lemma [4. H we obtain 



|z|)2 vrj^i (l-r 



< - / , ■ dt 

< C',||/'||i.(^^). (4.10) 

The result of our lemma follows by combining the estimates fl4.9l) and 
dHO]). □ 

4.2. The integral on the region A^. In this subsection, we esti- 
mate the integral J^a \f{z)\'^''\fp{z)\'^dA{z). Before this, we make some 
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remarks. For z G D define 

!_ r-\og\f{e^'y 
I I 

2^ 



2tt Jr \e'^ - ;zp 



'-de 



if7^r, 



'T\r p — ^. 
Using the equation (14. 5p . it is easy to see that 

1 



\f{zrnz)\'<4 fiz) 



log|/(e^^)|^^ 2 



2tt ./r \e'^ - 



(4.11) 



Using the equation (14. 6p . it is clear that 

1 



-log|/(e^^)|^^ 2 



Then 



. (4.12) 



\f{z)\'Vri^)\'dA{z)<2\\f\\l^A^) 



+ 8 / \f{zW{z)dA{z). (4.13) 



Since log |/| G L-'^(T), we have 

C 



A2 

7 



[2; G A^). 



(4.14) 



Given such inequality, it is not easy to estimate immediately the inte- 
gral of the function \f{z)\'^Pa'^{z) on the whole A^. In what follows, we 
give a partition of A^ into three parts so that one can estimate the in- 
tegral / \ f {z)\'^Pa'^{z)dA{z) on each part. Let z G A^, three situations 
are possible : 



a^{z) < 



d{z) ' 



d{z) <«7l^J<« : 

1 — r 



(4.15) 
(4.16) 
(4.17) 
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We can now divide into the following three parts 

A^^ := I 2 G A^ : 2 satisfying (l415ll |, 

A22 := I ;z e A^ : ;2 satisfying glS) }, 

A23 := I ;z e A^ : ;z satisfying fHTfl) | . 

4.2.1. T/ie integral on the regions A^^ and A^^. In this case we 
begin by the following 

Lemma 4.4. 

Proof. Using Lemma [4.21 we get 

\f{z)\'^a'^{z)dAiz) 

A21 

< r [ \f{z)r'\f{z) - fiz/\z\)r'a'^iz)dAiz) 

+2^ / \f{z)r'\f{z/\z\)r'a'^{z)dA{z) 



A, 



Let e** G 7 and denote by the point of 9A^nD such that Ct/\C,t\ = 



7 

We have 



Then 



W'-Ct\ = l-\Ct\ = ^<d{e^ 



\fi,^)r\^^^^ < / \m:^drdt 



A21 , , „ _ 

7 7 



drdt 
ICtI 
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Using Lemma [4. H we get 

h,! < C'pII/1Il2{At.)- 

This proves the result. □ 
Lemma 4.5. 

/ \f{z)\'^a'^{z)dA{z)<CA{A,), 

where A{A^) is the area measure of A^. 
Proof. Set 

r for 7 ^ r, 

T \ r for 7 c r. 



Let z E A^^. We have 



= exp I —(1 — r)a^(z) | 
< d\z). 

Using fl4.14p . we obtain the result. □ 



4.2.2. The integral on the region A'^ . Here, we will give an esti- 
mate of the following integral 

/ \f{z)\'^al^{z)dA{z). 

Before doing this, we begin with some lemmas. The next one is essential 
for what follows. Note that a similar result is used by different authors: 
Korenblum |0 , Matheson ^ , Shamoyan [TT] and Shirokov [131 112] . 

Lemma 4.6. Let z G Af and let /x, = 1 - ^iHI^fm. Then 



\fM\<d\z). 



(4.18) 
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Proof. Let z G and let /i < 1. We have 



I/Ml 



1 1 - {^irf 



\og\f{e'')\de 



< exp 



1 - (/ir)^ 



log|/(e'^)M^^ 



< exp < —(1 — iir) inf 



e*'' — jj,z 



For 2; G A^^, it is clear that 1 - /i^ < (^(2) < |e*^ - z\ for all e*^ G A^. 
Then 



inf 

6»eA-y 



e'^ -z 



> 



[z G A, 



22^ 



Thus 

1/(^^2;) I < exp 
Then, we have 



1-/^2 



f^G A 



22 \ 



□ 



\f{lizz)\ < exp { -^(1 - /x,)a,(z) }= e ), 

which yields (gTISD- 
For r < 1, define 

7r := {-2 G D : \z\ = r and z/\z\ G 7}. 

Without loss of generality, we can suppose that d{z) <l,ze A2. We 
need the following 



Lemma 4.7. Let r < 1. Then 

|/(re^*)-/(/x,,.re^*)|2V(re^*)rrft< 



'7rnA22 

where Sp = a{p — 1). 
Proo/. Let re** G A^^. Then 



(1 - ry~^p 



/||2 

L2(At,)! 
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It is clear that 1 — r < 1 — fXre^t < d{re''^) < | and so | < yU^e'' < We 
have 

\fire'')-fifire^-^re'')\'PaJ^ire'')rdt 

nAf 

< Cp / rdt 

< , \f{re'')-f{f^re-re'')\\ ,^ 





(1 








(1 






Cp 


(1 


— ry-sp 




Cp 


(1 





7rnA2 



1 — yUj. 



< T^^W / / \fise^')\'ds rdt 



< (^^^ Jjfise^rsdsdt 



where 



Sr : = ( G D : < Iwl < r and G 7 | . 

The proof is therefore completed. □ 

The last result that we need before giving the proof of Theorem 12.11 
is the following one. 

Lemma 4.8. 

\f{z)\V^{z)dA{z) < +CA(A,). 

Proof. Using (14.141) and Lemmas 14.61 and 14.71 we find that 
\f{z)\'"'a'Jz)dA{z) 



A22 

7 



A22 



. If 



\f{re'')\^fa^^{re'')rdt ] dr 

./O ^ ^7rnA22 



-1 

-2^P-^ I ( I |/(re^*) -/(/x,e«tre**)pV(re**)rrft ) 



'0 ^ ^7rnA22 

< CA{A,) + C,\\f\\ 
This completes the proof of the lemma. □ 
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4.2.3. Conclusion. Now, according to (14.131) and Lemmas 14.41 14.51 
and 14.81 we obtain 



\fiz)\'^\f'^iz)\'dAiz) < 2||/'||i.(^^) + 8 / \fiz)\'^aliz)dAiz 

7 7 

< C,\\f'\\lHA,) + CA{A,). 
Combining this with Lemma 14. 3[ we deduce that 

/ \f{z)\'Vri^)\'dA{z) < + CA{A,). 

Hence 

oo „ 

\fiz)\'Vri^)\'dA{z) = J2 / \fiz)\'VM"dAiz) 

n=l -J 

oo oo 



n=l n=l 



This completes the proof of Theorem 12.11 
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